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Mixed Integer Linear Bilevel Optimization

® Bilevel Problems (BP) involve optimizing the strategy of a leader and the
subsequent reaction of a follower:

min cx + d'y
st. Alx + Gly > bt (BP)
xeX

y € argmin {d’y : G’y > b* — A’x, y€ Y}

Stackelberg game: two-players sequential game

® | eader’s decision must take into account follower's optimal reaction
® x e X CZT xR ™ are controlled by the leader

® yec Y CZ? xRP™ are controlled by the follower

1. Upper Level Problem (ULP): c € Q™,d* € Q™, A, G € Qm>*™m pl € Q™
2. Second Level Problem (SLP): d? € Q™, A%, G2 € Qm*™ b? € Q™
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Value Function Reformulation

Definition
Let ¢ : R™ — R U {400} be a function such that
¢(8) = min{d’y : G’y >p, yeY}.
We assume
@(B) = +o0,if (SLP) is infeasible,
¢(B) = —o0,if (SLP) is unbounded,
for some 5 € R™.

® Then (BP) becomes:

min cx + d'y

st. Alx + Gly > bt
A’x + G%y > b? (BP-VF)
d?y < ¢(b* — A%x)
xeX,yeyY
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On Solving MILBP

Relaxation

In a Branch-and-Bound-or-Cut framework, an LP relaxation of (BP-VF) is
considered at each node by dropping:

@ x and y integrality
@® Second level optimality d?y < ¢(b?> — A%x)

Bilevel feasibility

Checking feasibility of an integer point (X, ) involves the evaluation of
d*y < o(b* — A’R)

which is an NP-Hard task.

Complexity

(BP) is X5-hard = Given an oracle for ¢(53), (BP) requires nondeterministic
polynomial time to be solved.
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About this Work

We consider two open-source solvers:

MibS [Tahernejad, Ralphs, and DeNegre 2020]

® Branch-and-Cut for (BP)
® Checking feasibility using MILP solvers

SYMPHONY [T. K. Ralphs and Giizelsoy 2005]

® Implementing Branch-and-Cut solver for MILPs (SLP)
® \Warm-starting capabilities for RHS changes

Our contribution

@ How to construct an iteratively refined approximation of ¢ using SYMPHONY

® How to use it to efficiently evaluate d?y < ¢(b? — A%x) to improve the
feasibility check
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On the MILP Value Function

Let us consider the following (SLP):
@(B) = min  6y1 +4y> +3y3 +4ys +5ys + Tye
s.t. 2y1 +5y2 — 2y3 — 2y4 + 5ys + 5y = 3
Yi,¥2,¥3 € Ly, ya, ¥5,¥6 € R,

Dy B
"
\ ’
\ . Some properties
N\ . ¢ of a MILP is:
‘A\_\ 5 / ® Lower semi-continuous
e / e Subadditive
\\x ¢ i ® Piecewise polyhedral
9 y
S %’
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On the MILP Value Function

A description of ¢

Let / and C index the integer and continuous (resp.) variables in (SLP). As noted
in [T. K. Ralphs and Hassanzadeh 2014], we have that

#(B) = miZ“,2 {01(Gary1) + dc(B — Gayyir) } -

IS

Integer Restriction: Continuous Restriction:

¢1(y) = min {dz,Ty, | Gy :v} ¢c(y) = min {dzg)’c | Gacyc :7}
yIEZL? yceR2™72

Theorem [T. K. Ralphs and Hassanzadeh 2014]

Under the assumption that {5 € R™ | ¢,(5) < oo} is finite, there exists a finite
set S C Z7 such that

#(B) = min {o1(Gayy1) + dc(B — Gayyi)} -
M)
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Lower Approximations of ¢

Dual functions [Hassanzadeh and T. K. Ralphs 2014]
A function f : R™ — R U {Fo00} is said to be dual to ¢ if

f(B)<¢(B), BeR™.
Moreover, f is strong at 3 € R™ is f(3) = ¢(f).

Strong dual functions usages examples:
e warm-start MILP resolution for different RHS 3’ € R™
® sensitivity analysis

® optimality proofs
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Strong Dual Functions from a Branch-and-Bound Tree

e Let 3 € R™ be such that qzﬁ(,@) < o0
® Let T indexing the set of leaf nodes of the optimal B&B tree for (SLP)

® Forte T, let

1. I*, u* € Z" be the branching bounds
2. (nf,@",7") € R™%27 be the optimal dual solution

® Then the LP primal-dual pair is
min {d°y | G’y =, I' <y < u'} (PY)
yERT?
max +I'r—u Dt
(7, W)ED{ﬂTr T ﬂ—} ( )

D= {(m,x,7) eR™?" | GPr+1—-7<d’x>07>0}
e D is independent from 3, It, u, then by LP duality

( ma§<D{ﬁ7T+/tﬂ'—u7r}< m|n{d2y|G2y B, I'<y<u'},VpeR™
T,T,T)E y€ER
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Strong Dual Functions from a Branch-and-Bound Tree

Theorem [Wolsey 1981]

The function ¢ defined by

#(f) = min (Brt + I'nt — u'Ft) VB EeR™,

is dual to ¢ and strong at RHS B

v

Warm-starting with SYMPHONY at a glance

Given a B&B tree evaluating ¢(3), we can warm-start the solution of ¢(3) by:
@ Re-optimize the LP duals each at leaf nodes t € T

® Keep branching on nodes with fractional solutions (if any)

The warm-started B&B encodes a dual solution strong at B but it might not be
strong at 5 anymore. (Dual solutions at leaf nodes may change).
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Maintaining a Strong Dual Function

® A stronger dual function can be obtained considering dual solutions from all
nodes in the tree

® Given any B&B tree, let:
® D C D be its set of dual solutions generated over all nodes in the B&B
(including re-optimizations)
@® T be the set of the leaf nodes

A stronger dual function

+ : T t t—
= / p—
£ =iy e, T+ Pn )

® This new dual function is strong at all RHSs previously solved and

#(B) < ¢7(B) < ¢(B)
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Evaluating ¢ ()

Given any § € R™, let us consider the following matricial representation of Q+:

dv ﬁdl
T T BB B
Mp = o Nrp= |/t 2 .. [i7]

: utt oyt 147
ol gdiol 7ol

Then ¢™(B) can be evaluated with the following operation:

Bﬂ.dl + /tlﬂdl _ Utlfdl . Bdel + It|7-‘£d1 _ Utlﬂfdl
ﬂﬂ.dz + /tlﬂdz _ Utlfdz . 57Td2 + /t|T\Ed2 _ Ut|T‘fd2
Mp - Ny = :
Brdiol + [agdior — ytigdior . Brdiol 4 [tTigdiol — yhiTiEdiol
\ \J
max(-) . max(-)
min(-) = ¢ (5)

F. Battista & T. K. Ralphs 2023 INFORMS Annual Meeting October 17th, 2023



Checking Bilevel Feasibility Using ¢

Algorithm 1

=
NP o

13:

S N )

Given (%,9) € X x Y, a B&B Tree and matrices Mp, Nt then
Evaluate ¢ (b? — A%X) using Mp, Nt
if d?) < ¢*(b? — A%R) then
return (%, §) is Bilevel Feasible
else
Warm-start the evaluation of ¢(b?> — A2X) using SYMPHONY
B&B Tree is updated with new leaf nodes T’ and (possibly new) duals D’
Update Mp, Nt with Mp/, N7/
if d29 < p(b? — A%R) then
return (X, ) is Bilevel Feasible
else
return (X, ) is not Bilevel Feasible
end if

14: end if
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Conclusions

® The dimension of Mp, Nt should be kept as small as possible

® Duplicate Dual solutions should be avoided — Hash Table
® Some Dual solutions may become dominated and may be safely discarded

® Algorithm 1 is iteratively building parts of ¢ needed to solve (BP)

Takeaways

® Dual functions can provide optimality proofs for (SLP)
® SYMPHONY's warm-starting provides stronger and stronger dual functions
® Effectiveness of this approach is an empirical question

Roadmap

@ Refine the implementation

® Parameter tuning via numerical experience
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